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Abstract 

The line-tension effects on heterogeneous nucieation are considered when a spherical lens¬ 
shaped nucleus is nucleated on top of a spherical substrate and on the bottom of the wall of a 
spherical cavity. The effect of line tension on the nucieation barrier can be separated from the 
usual volume term. As the radius of the substrate increases, the nucieation barrier decreases 
and approaches that of a flat substrate. However, as the radius of the cavity increases, the 
nucieation barrier increases and approaches that of a flat substrate. A small spherical substrate 
is a less active nucieation site than a flat substrate, and a small spherical cavity is a more active 
nucieation site than a flat substrate. In contrast, the line-tension effect on the nucieation barrier 
is maximum when the radii of the nucleus and the substrate or cavity become comparable. 
Therefore, by tuning the size of the spherical substrate or spherical cavity, the effect of the 
line tension can be optimized. These results will be useful in broad range of applications from 
material processing to understanding of global climate, where the heterogeneous nucieation 
plays a vital role. 

*To whom correspondence should be addressed 
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1. Introduction 


Nucleation is often heterogeneous and is assisted by the presenee of a substrate or wall and im¬ 
purities. Although heterogeneous nueleation plays a vital role in the proeess of various material 
processing applications, ranging from steel production to food and beverage production, ^ the theo¬ 
retical study of this phenomenon has been hindered by the complexity of the spherical geometry. In 
fact, the heterogeneous nucleation in a spherical cavity and on a spherical substrate is important in 
broad range of applications from bubble formation in carbonated drinks in daily life^ to the cloud 
formation which controls global climate.^ Since a three-phase contact line is always involved in 
the heterogeneous nucleation, theoretical understanding of the line tension must be crucial.- How¬ 
ever, most recent theoretical studies of heterogeneous nucleation rely on computer simulations-”- 
or ad-hock assumptions^ for a realistically constructed model. 

The theoretical formulation of heterogeneous nucleation of a lens-shaped nucleus on an ideally 
spherical substrate was conducted half a century ago (in 1958) by Fletcher- following the work of 
Turnbull- on a flat substrate. The theory has been applied, for example, to study heterogeneous 
nucleation in the atmosphere.-^dS Further theoretical analysis has been necessary because of the 
mathematical complexity of the problem.—-— The same problem has also been studied from the 
standpoint of wetting.— However, thus far, few studies of the line-tension effect on a spherical 
substrate have been conducted,— while many have been conducted on this phenomena on a flat 
substrate.—-— There are also several studies of heterogeneous nucleation in a confined volume- 
and within a cavity A similar problem of a macroscopic droplet on spherical convex and 
concave surfaces has also been studied.-^ However, these works do not focus much on the line 
tension.— 

In this paper, we will consider the heterogeneous nucleation of a lens-shaped critical nucleus 
on a spherical substrate and on a wall of a spherical cavity within the framework of classical 
nucleation theory (CNT). We will regard the critical nucleus as a continuum with a uniform density 
and a sharp interface of a part of a spherical surface. Therefore, the contact line and angle can be 
defined without ambiguity. The nucleus-substrate interaction is confined to the contact area so that 
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the classical concept of surface tension and interfacial energy can be applied. 

2. Line-tension effect on contact angle 

A. Nucleus on a convex spherical substrate 

We will consider a lens-shaped liquid nucleus nucleated on a spherical substrate from oversaturated 
vapor. However, the result is general and can be applied to the nucleation of crystal grains or vapor 
bubbles. According to the classical idea of wetting and nucleation theorythe Helmholtz free 
energy of a nucleus (sessile droplet) is given by 


AF = CTivAiv -I- AcrAsi -I- tL, (1) 

and 

Ao- = (Tsi-O-sv, (2) 

where Aiv and Agi are the surface area of the liquid-vapor and liquid-solid (substrate) interfaces and 
their surface tensions are criv and ctsi, respectively. Act is the free energy gain as the solid-vapor 
interface with the surface tension ctsv is replaced by the solid-liquid interface with the surface 
tension ctsi. The effect of the line tension r is given by the last term, where L denotes the length 
of the three-phase contact line. Instead of using the standard grand potential which is relevant to 
the nucleation problem^ of volatile liquids, we use the Helmholtz free energy because we need to 
study the contact angle for fixed droplet volume. In fact, the grand potential and the Helmholtz 
free energy are identical for fixed volume. Therefore, the result is also useful to study the stability 
of droplet of nonvolatile liquid on a spherical substrate. 

We consider the semi-spherical nucleus with radius r nucleated on a spherical substrate with 
radius R shown in Figure [2a). Using the geometrical angles (p and if/ together with the distance C 
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Figure 1: (a) A liquid nucleus (blue) on a convex spherical substrate (pink), and (b) that on an 
inner wall of a concave spherical cavity. The three-phase contact line is indicated by light-blue 
broken lines. The center of the nucleus with the radius r and that of the spherical substrate or 
cavity with radius R are separated by the distance C. The contact angle is denoted by 6. Note that 
the three-phase contact line passes through the equator when 0 = 90° and the contact line moves 
from the upper (lower) hemisphere to lower (upper) hemisphere. 


between the centers of the two spheres, we obtain 


. {C + rf-R^ 

Aiv = 2;rr (1 -cos0) = nr - — -, 


( 3 ) 


and 


2 r^-iC-RY 

Asi = 2nR^{l -COS0) = nR- 


C 


( 4 ) 


for the surface areas of the liquid-vapor and liquid-solid interfaces, respectively. The length of the 
three-phase contact line is given by 


L = 2nRsm(p = 2nrsmifj = ^ sing = — 2C^ (R^ + r^) - {R? - 


( 5 ) 


where 6 is the contact angle, which is related to the angles 0 and 0 (Fig.fTJa)) through 


Csin0 = rsin0, Csin0 = i?sin6, 

Ccos0 = R-rcos6, Ccosif/ = ±(r-Rcos9), 


( 6 ) 
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and to the distance C through 


C'^ =R^ + r^-2Rrcose. (7) 

Using Eqs. (??), (??) and (??), the Helmholtz free energy, Eq. (??), is given as a function of C and 
r for a given radius R of the spherical substrate. 

The volume of the nucleus can be obtained using the integration scheme originally developed 
by Hamaker,— 

^ ^ '^[r^-{.C-Rf]dR 

= -^{C-R + rf[?>{R + rf-2CiR-r)-C^], (8) 


and is expressed by R, r and C. Eq. ([8]) reduces to the more intuitive formula 


V = (2 - 3 cos i/r + cos^ (2 - 3 cos 0 + 


ttR- 


COS'^ 


( 9 ) 


The contact angle is determined by minimizing the Helmholtz free energy in Eq. (??) under 
the condition of a constant nucleus volume V. Using Eq. ([8]), one can obtain 


~d^ \dc) 


( 10 ) 


from dV = 0, and the minimization of Eq. (??) under the condition of constant volume by 


d^F _ dAF dAF dC 
dr dr dC dr 


( 11 ) 


leads to the equation 


R^ + r^-C^ 
A<r =- 


C2+i?2_^2 


R ^2C2 (i?2 + ^2) _ (^2 _ ^2)2 _ ^4 


T, 


( 12 ) 
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which gives the eontaet angle 6 through 


R-rcos6 

Act + (Tiv eos 0 +-: -t = 0, (13) 

RrsmO 

similar to the elassieal Young equation— on a flat substrate, 

Act + cTiv eos 00 = 0, (14) 

where Oq is the elassieal Young’s eontaet angle. Therefore, even on a spherieal eurved surfaee, the 
eontaet angle will be determined from the elassieal Young equation (??) for flat surfaees-i^ when 
the line tension ean be negleeted (r = 0). 

Equation (??) ean also be written as 


cTiv eos 0 = (Tiv eos 00-> (15) 

Rta.n(f> 

whieh is known as the generalized Young equation.— This formula is different from that proposed 
by Seheludko, but is the same as that proposed by Heinola,— whieh was originally derived for 
the eritieal nueleus of heterogeneous nueleation; the radius r is assumed to be given by the Young- 
Laplaee formula. In eontrast, our derivation is based on the general prineiple of the minimization 
of the Helmholtz free energy, and the size r takes any values determined from the volume of the 
nueleus. Therefore, Eq. (??) ean also be used to prediet, for example, the eontaet angle of a droplet 
of non-volatile liquids of any size. 

Eigure [2] shows a typieal shape of a nueleus on a hydrophilie surfaee with 0 « 0° and on a hy- 
drophobie surfaee with 0 « 180° when the relative radius of the nueleus r and that of the substrate R 
satisfies (a) R> r and (b) < r. It is apparent that the three-phase eontaet line will stay on the upper 

hemisphere when R> r, and will eross the equator and move from the upper to lower hemisphere 
when the eontaet angle erosses (p = 90° when R < r. Then, the sign of the last term in Eq. (??) 
will ehange as the line moves from the upper to the lower hemisphere. Note that by inereasing the 
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R>r 


R<r 


nucleus 




(a) 


(b) 


Figure 2: A schematic of the critical nucleus (blue sphere) on the spherical substrate (pink sphere) 
with its contact angle 6 « 180° and 6x0° when (a) R> r and (b) R> r. Although the critical nuclei 
for r < and r>R look similar when 6 x 180°, they are completely different for 0x0°. 

contact angle, the three-phase contact-line length will increase in the lower hemisphere and will 
decrease in the upper hemisphere. 

Equation (??) has also been derived from the general theory of differential geometry using 
the geodesic curvature. In the limit of an infinite substrate radius (R oo), we can recover the 
modified Young equation,— 


Act -I- (Tiv cos 6 -I- 



(16) 


or 


r 


(17) 


CTiv COS 6 = CTiv cos do - 


rsin0’ 


from Eq. (??) similar to Eq. (??) for a nucleus on a flat substrate. 


B. Nucleus on a wall of a concave spherical cavity 


It is also possible to study the contact angle of a nucleus nucleated on a concave spherical substrate 
(cavity), such as that shown in Eig. [Itb). Eigure [3] shows the typical configuration of a nucleus 
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within a cavity. We consider a semi-spherieal nucleus with radius r nueleated on a spherical cavity 
with radius R, as shown in Fig.fTJb). Using the geometrieal angles (f> and ifj, we obtain 


Aiv = - cosif/) = nr 


R^-(C-ry 


C 


(18) 


and 


Asi = 2nR^( \ -OOS0) = nR 


r^-iC-Rf 

C 


(19) 


for the surface area of the liquid-vapor and liquid-solid interfaee, respectively. The length of the 
three-phase eontaet line remains the same as that given by Eq. (??). Now the distanee C between 
the two eenters of the spheres with radii R and r are related through (Fig. [Jb)) 


Csin0 = rsin0, Csini/r = i?sin0, 

Coos0 = R + rcos6, Ccos if/= r + Rcos6, (20) 


and the distanee C is given by 

C'^ + r^ + 2Rrcos 6. 


( 21 ) 


The volume of the nueleus beeomes 


V = -^iC-R-rf[-3(R-rf + 2C(R + r) + C^], 


( 22 ) 


whieh again reduees to the more intuitive formula similar to Eq. (??), where the subtraction of two 
hemispherical volumes in Eq. (??) is replaeed by the addition of two hemispherieal volumes. 

The eontaet angle is determined by minimizing the Helmholtz free energy in Eq. (??) under 
the condition of the eonstant nucleus volume given by Eq. (??). Using the same proeedure as that 
used in the previous subsection, we arrive at 


R^ + r^-C^ 


C2+i?2_^2 


R ^2C2 (i?2 + ^2) _ (^2 _ ^2)2 _ ^4 


T, 


(23) 
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R<r 

0 = 0 ° 

cavity 

0 = 180 ° 

(a) (b) 

Figure 3: A schematic of the critical nucleus (blue sphere) in a spherical cavity (pink sphere) with 
its contact angle 6 ~ 180° and 6 « 0°. Although the critical nuclei for r < R and r>R look similar 
when 9x0°, they are completely different for 6 x 180°. 

which gives the contact angle 9 through 

7? + rcos0 

Act + (Tiv cos 0 + -:- T = 0 (24) 

Rr%m9 

from Eq. (??) instead of Eq. (??). Then, Eq. (??) can also be written as Eq. (??). Therefore, the 
role of the line tension changes at 0 = 90° again for a small cavity with R<r (Eig.|3ib)) even when 
the nucleus is confined within a spherical cavity. 

Equation (??) suggests that the limit (p^0° which corresponds to the limit 0 ^ 0° is unphysical 
(see also Eqs. (??) and (??)). Eigures [2] and [3l and Eqs. (??) and (??) indicate that the nucleus 
on a convex substrate with R> r and in a concave cavity disappear when 9^0°. In fact, the 
substrate must be covered by a microscopic thin liquid layer before the nucleus and the perimeter 
of the contact line disappear. This is similar to the limit 9q 0° of the classical Young equation in 
Eq. (??), which does not imply that the nucleus disappears. Rather, it implies that the bare substrate 
with the surface energy ctsv will be covered by a thin wetting layer of the free energy ctsi + crjv. 
This wetting layer can be macroscopic only on a flat substrate since the liquid-vapor interface is 





R>r 
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flat and the Laplace pressure of curved surface vanishes. 


3. Line tension effect on the critical nucleus of heterogeneous 
nucleation 

A. Nucleus on a convex spherical substrate 

In the previous section, we studied the line-tension effect on the contact angle by minimizing the 
Helmholtz free energy. Because we used the canonical ensemble of fixed volume, the nucleus is 
stable, and the results will be applicable to non-volatile liquids. It is possible to study the critical 
nucleus of heterogeneous nucleation of a volatile liquid. In this case, the metastable nucleus must 
be studied, and we must use the grand canonical ensemble. Now, the nucleus is not simply a 
droplet but a metastable and transient critical nucleus of heterogeneous nucleation. 

The critical nucleus is determined by maximizing the Gibbs free energy of formation— 


AG = AF-ApV, 


(25) 


where Ap is the excess vapor pressure of the oversaturated vapor relative to the saturated pressure. 
The Helmholtz free energy AF is given by Eq. (??), and the nucleus volume is given by Eq. ([8]). 
By extremizing Eq. (??) using the formula 


JAG _ dAG dC 

dr dr dC dr 


(26) 


similar to Eq. (??), and using Eq. (??), which corresponds to the minimization of the Helmholtz 
free energy AF, we obtain an algebraic equation 


iC-R + rf{C + R + rf[c^-R^-4Cr + r^)iApr-2o-i^) = 0, (27) 
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from which we obtain the well-known formula 


r* 


2o'iv 

A/) 


(28) 


for the eritieal radius of CNT. The eritieal radius of the nueleus does not depend on the eontaet 
angle 6 or the radius R of the spherical substrate. Eq. (??) simply implies that the curvature 1 jr 
at the top of the nucleus is determined by the Young-Laplaee equation because the effect of the 
spherieal substrate is confined only at the surfaee of the substrate. Therefore, neither the surfaee 
tensions crgi and, criv nor the line tension r affeet the eritieal radius. Likewise, the eurvature 1 /R 
also does not matter. When the interaetion between the nueleus and substrate is long-ranged and is 
represented by the disjoining pressure, we will have a eorreetion even on top of the nucleus.— 
Onee we know the radius of the eritieal nucleus r* from Eq. (??), we ean determine the eontaet 
angle 6^ of the eritieal nueleus from Eq. (??) by inserting the eritieal radius r*. However, we 
will eontinue to use the symbol r and 6 instead of and 6^ to represent the eritieal radius and 
eorresponding eontaet angle to make mathematieal expressions simpler. Then, we ean determine 
the distance C between two spheres from Eq. (??) given by 


c 



1 -i-p^-2peos0. 


(29) 


where we have introdueed the dimensionless parameters 


c = C/R, p = r/R, (30) 

whieh is the dimensionless length sealed by R. Eigure|4] plots the distanee c as a funetion of the 
relative size p for various eontaet angles 6. Note that the limit p ^ 0 eorresponds to a flat substrate, 
and p ^ oo eorresponds to a point impurity and is equivalent to homogeneous nucleation. Eigure|4] 
shows that, when the eontaet angle approaehes 9 = 180° and the substrate is hydrophobie, the 
nueleation is homogeneous, and the distanee c is simply given by the sum of two spheres 1 -l-p. 
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However, when the eontaet angle is small (6 = 30°), the distanee c reaehes a minimum near p « 1. 

The shape of the nueleus on the spherieal substrate is shown in Fig. When the eontaet angle 
is almost 9x0°, the nueleus with its radius r smaller than the substrate radius R (r <R) will disap¬ 
pear; however, that with a radius larger than the substrate (r > R) will wrap the spherieal substrate 
(spherieal seed) almost eompletely and will approaeh homogeneous nueleation. However, when 
the eontaet angle is 9 x 180°, the nueleus is almost the same as that of the homogeneous nueleation. 



Figure 4: The distanee c between the eenter of the spherieal substrate and spherieal nueleus as a 
funetion of the parameter p for various eontaet angles 9. 

The eritieal radius of the nueleus in Eq. (??) is the same as that on the flat substrate even if the 
effeet of line tension is ineluded, beeause the effeet of the substrate is eonfined only at the eontaet 
surfaee. Inserting the eritieal radius r given by Eq. (??) into Eq. (??) and using the generalized 
Young equation (Eq. ??), we obtain the work of formation 

ag* = ag;„,+ag*„, (31) 
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which consists of the volume term AG* , and the line term AGiin given by 




AGL 


^{R + 2r-C){C-R + rf, 

6 

27TRiC-R + r)(R + r-C)T 
^/{C + R-r)(C-R + r){R + r-C){C+R + r)' 


( 32 ) 


The former ean be written as 


ag:„,=/(p,0)ag 


homo' 


(33) 


Note that the limit p ^ 0 eorresponds to a flat substrate, and p ^ oo represents a nucleus with 
a point impurity. Therefore, the latter eorresponds to homogeneous nueleation with the work of 
formation given by 

2.jr o 

(34) 


AG^o^o = y^^Ap. 


The generalized shape faetor /(p,0) is given by 


fip,6) = +2p- aJi +p2-2peos0j|-l +p+ aJi +p^- 2pcos6^ , (35) 

whieh reduees to the well-known shape faetor originally derived by Fleteher- after tedious manip¬ 
ulation of algebra. It also reduees to the shape factor-4^ 


f(p^o,e) = 


(2 -i-cos0)(l - cos Of 


(36) 


for a flat substrate (p ^ 0) and 


f{p^oo,e) = 1 , 


(37) 


which corresponds to homogeneous nueleation. Similarly, we can show 


/(p,0^18O°) = l, 


(38) 


which also corresponds to homogeneous nueleation as the substrate is super-hydrophobic with the 
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contact angle 6 = 180°. 

Figure [5] shows the generalized shape faetor f(p,6) on a spherieal substrate as the funetion of 
the ratio p for several eontaet angles 6. When the radius R is finite (p > 0), the volume eontribution 
AGvoi is always larger than that on a flat substrate. Therefore, the nueleation is more favorable on 
a flat substrate than on the spherieal impurity. In addition, beeause /(p ^ oo,0) ^ 1, a spherieal 
substrate whose radius R is mueh smaller than the eritieal radius r* (p :» 1) is not an aetive nuele¬ 
ation site as the work of formation does not differ from that of the homogeneous nueleation. The 
spherieal substrate is a more effeetive nueleation site when the eontaet angle is smaller and the 
substrate is more hydrophilie. 



Figure 5: The generalized shape faetor f{p,6) on a spherieal substrate as a funetion of the ratio p 
for various 6. The limit /(p ^ 0,0) is given by Eq. (??). 

The line eontribution in Eqs. (??) and (l32l) ean be written as 

AG]*„ = 2;rrTg(p,0) (39) 
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using the generalized shape faetor for the line eontribution 


gip,d) 


-1 +peos0+ -\/rTp2^^2pcos6 
p^sinS 


( 40 ) 


whieh reduees to 


for a flat substrate,— and 


^(P^O,0) 


sin0 

~Y' 


gip = 0, 


(41) 


(42) 


whieh eorresponds to the homogeneous nueleation for whieh the three-phase eontaet line disap¬ 
pears. Similarly we have 

g(p,e^ 180°) = 0 (43) 

for the super-hydrophobie substrates (0 = 180°) as the nueleation is homogeneous again as shown 
in Fig.[2l Equation (??) ean also be written simply as 


g(p,(^) 


1 -eos0 
psin^ 


(44) 


as a funetion of (p instead of 9. In eontrast to Eq. (??), the sign will not ehange at 0 = 90°. 

EigureO shows the shape faetor g(p,0) for the line eontribution as a funetion of the ratio p for 
several eontaet angles 9. When the radius R is finite (p > 0), the line eontribution AGiin or the shape 
faetor g (p, 9) is always smaller than that on a flat substrate if the substrate is hydrophobie (9 > 90°). 
Therefore, the line tension affects the nueleation barrier more effectively on a flat substrate than 
on a spherical substrate for a hydrophobic surface {6 > 90°). In contrast, the shape factor gip,6) 
becomes maximum when p « 1 - 2 when the substrate is hydrophilic (9 < 90°). Then, the line 
contribution AGiin becomes larger than that on a flat substrate. The line tension is more effective 
for a spherical substrate with its radius comparable to the nucleus than for a flat substrate when the 
substrate is hydrophilic. 
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Figure 6: The generalized shape faetor g(p,0) on a spherical substrate for the line contribution as 
a function of the ratio p for various 6. The limit g(p ^ 0,0) is given by Eq. (??). 

The nucleation barrier becomes higher (r > 0) or lower (r < 0) according to Eqs. (??) and (??) 
when including the line contribution depending on the sign of the line tension compared with not 
including the line tension. The line-tension effect is most effective on a flat substrate if the substrate 
is hydrophobic 6 > 90°. The line-tension effect is most effective on a spherical substrate with its 
radius comparable to that of the critical nucleus if the substrate is hydrophilic 6 < 90°. 

B. Nucleus on a wall of a concave spherical cavity 

Next, we will consider heterogeneous nucleation on the inner wall of a spherical cavity. Eigure [3] 
shows a nucleus (droplet) in a spherical cavity when the contact angle is 6 « 0° and 6 ~ 180°. 
Similar to Eig. there are two scenarios with r < R and r > R. Although the nuclei for both 
cases are almost similar when 0 « 0°, they are completely different when 6 ~ 180° in contrast to 
Eig. |2l Here, the nucleus is almost the same as that of the homogeneous nucleation when r < R, 
as observed in Eig. |2l However, the nucleus is different from that of the homogeneous nucleation 
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when r > R as the nucleus is only a small part of the nucleus because the space is confined within 
the small cavity. 


By minimizing the free energy (??), we obtain an algebraic equation 


{C-R-rf{C+R-rf (C^ -R^ + 4Cr + t^)(Apr- Icriy) = 0, 


(45) 


from which we obtain the Young-Laplace formula (??) for the critical radius again. 

Once we know the radius of the critical nucleus r^, the contact angle 0* of the critical nucleus 
will be determined from Eq. (??) by inserting the critical radius determined from Eq. (??). Then, 
we can determine the distance C between two spheres using Eq. (??) as follows: 



(46) 


where we have introduced dimensionless parameters of Eq. (??) and continued to use r and 6 
instead of r* and 6* for the critical nucleus. The distance c as a function of the parameter p is given 
in Eig|4]by replacing 9 180° - 6. 

Therefore, on a concave spherical substrate, the critical radius of nucleus is also the same as 


that on a flat substrate even if the effect of the line tension is included because the effect of the 


substrate, including that of the line tension, is confined only to the contact surface. Inserting the 
critical radius r* into Eq. (??) and using the generalized Young equation (Eq. (??)), we can obtain 
the work of formation (Eq. (??)) of the nucleus within a spherical cavity. 

Inserting the critical radius r into Eq. (??) and using the generalized Young equation (??) we 
obtain the work of formation given by 



-f{C-R + lr){C-R-rf, 
o 



2nR{C-R + r){R + r-C)T 


( 47 ) 


yl{C + R-r){C-R + r){R + r-C){C+R + ry 


which can be written in analogous way as Eqs. (??) and (??). 
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The volume term AG*^^ ean also be written as Eq. (??), and the limit p ^ 0 eorresponds to a 
flat substrate and p ^ oo represents a nueleus eonfined within a small eavity. The nueleus with 
6 ~ 180° and p < 1 (Fig. [3l bottom left) eorresponds to the homogeneous nueleation with the 
work of formation given by Eq. (??). That with 6 « 180° and p ^ oo (Fig. [3l bottom right) also 
eorresponds to a spherieal nueleus, however, its volume is eonfined within an infinitesimally small 
spherieal eavity. 

The generalized shape faetor /(p,0) for a nueleus in a eavity is now given by 

/(p,6) = ^-^|-1+2p+-^r+p^T^pco^j|l+p--^iTp^'-i-'^pco^j , (48) 

whieh again reduees to the well-known shape faetor-^i^i^ in Eq. (??) for a flat substrate (p ^ 0), 
and 

f(p^oo,e) = 0 (49) 

beeause the nueleus is eonfined within an infinitesimally small spherieal eavity. We ean also show 
that 

/(p< 1,0^ 180°)=!, (50) 

whieh eorresponds to homogeneous nueleation as the eavity is large enough to aeeommodate the 

entire nueleus and the substrate is super-hydrophobie with the eontaet angle 6 = 180°. 

Figure |7] shows the generalized shape faetor fip,0) in a spherieal eavity as a funetion of the 
ratio p for several eontaet angles 6. When the radius R is finite (p > 0), the volume eontribution 
AGvoi is always smaller than that on a flat substrate. Therefore, the nueleation is more favorable 
in a spherieal eavity than on a flat substrate as the nueleation barrier will be lower. In addition, 
beeause /(p ^ oo, 0) ^ 0, a spherieal eavity whose radius R is mueh smaller than the eritieal radius 
r* (p:» 1) is an aetive nueleation site as the work of formation approaehes zero to aehieve athermal 
nueleation. 

The line eontribution AGJj^^ in Eq. (??) ean also be written as Eq. (??). The generalized shape 
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Figure 7: The generalized shape factor f{p,6) in a spherical cavity as a function of the ratio p for 
various 6. The limit fip 0,6) is given by Eq. (??). 

factor of the line contribution for a nucleus within a spherical cavity is given by 


g(p,d) 


-l-pcos0+ sjl +p2 + 2pcos6 
p^sind 


(51) 


which reduces to 

sin0 

g{p^0,e) = — (52) 

for the flat substrate^ again, and 

g(p^cx,,e) = 0, (53) 

which corresponds to an infinitesimally small nucleation, for which the three-phase contact line 
vanishes. Similarly, we have 

g(p,e^l80°) = 0 (54) 

for super-hydrophobic substrates {6 = 180°) as the nucleation is homogeneous again (p < 1) or the 
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nucleus completely fills the cavity (p > 1), as demonstrated in Fig. [3l Equation (??) can also be 
written simply as Eq. (??) as a function of (p instead of 6. 



Figure 8: The generalized shape factor g{p,6) in a spherical cavity as a function of the ratio p for 
various 6. The limit g(p 0,6) is given by Eq. (??). 

It can be observed that the generalized shape factor, Eq. (??), in a spherical cavity can be 
obtained by replacing 6 180° -0 in Eq. (??) and in Fig.[6]of a spherical substrate. Therefore, the 

hydrophobicity and hydrophilicity simply change their roles from sphere to cavity. However, for 
the sake of completeness, in Fig[8l we show the shape factor g(p,6) in Eq. (??) for the nucleus in 
a spherical cavity. Now, the effects of hydrophobicity and hydrophilicity are exchanged compared 
to those shown in Fig.O Therefore, the line tension affects the nucleation barrier most effectively 
on a flat substrate than on a spherical substrate for a hydrophilic surface {6 < 90°) in a cavity. In 
contrast, the shape factor g{p,6) becomes larger than that on a flat substrate on a hydrophobic 
surface {6 > 90°). The line tension is more effective for a spherical cavity with its radius being 
comparable to the nucleus than for a flat substrate when the substrate is hydrophobic. Furthermore, 
the effect of line tension can be more important in spherical cavity than on spherical substrate 
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Figure 9: A nucleus with a concave liquid-vapor interface within a cavity when the vapor is under¬ 
saturated. 

because the volume term represented by the shape factor f(p,9) in a spherical cavity will always 
be smaller that on a flat substrate as shown in Fig. |7l 

Although we have considered a nucleus with a convex spherical liquid-vapor surface, it is 
possible to consider a nucleus or wetting layer with a concave surface, as shown in Fig. |9l In this 
case, however, we must consider an undersaturated vapor with Ap <0 and study a bubble nucleus 
rather than a liquid nucleus. Then, the description for the liquid nucleus in the cavity is applicable. 

4. Conclusion 

In this paper, we have studied an old problem of the line-tension effect on a lens-shaped nucleus 
(liquid droplet) on a spherical substrate and in a spherical cavity. By minimizing the Helmholtz 
free energy, we reproduced the generalized Young formula determined by previous authors— 
to determine the contact angle. Then, we studied the work of formation (nucleation barrier) of 
the critical nucleus by maximizing the Gibbs free energy together with the generalized Young for¬ 
mula. We determined that the work of formation consists of the usual volume contribution and the 
line contribution due to the line tension. The former for the nucleus on a spherical substrate coin¬ 
cides with that obtained originally by Fletcher.- The volume contribution suggests that the convex 
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spherical surface will not enhance the heterogeneous nucleation as the nucleation approaches ho¬ 
mogeneous nucleation. However, the concave spherical surface will enhance the heterogeneous 
nucleation, as the free energy barrier will be lower. The line contribution depends sensitively on 
the hydrophobicity and hydrophilicity of the substrate. On a hydrophilic spherical substrate, the 
line contribution can be maximized when the radius of the substrate is finite. However, it can be 
maximized when the radius is finite for a hydrophobic cavity. 

Although, we have used a spherical lens model and assumed that the liquid-solid interaction is 
represented by the short-ranged contact interaction represented by the surface tension, it is possible 
to include long-ranged liquid-solid interaction using the concept of disjoining pressure. Several 
studies“>^“-^ have already examined the effect of the long-range force. However, most studies 
have focused on the problem of a spherical nucleus around a spherical substrate without the three- 
phase contact line^>22j^i^ rather than a lens-shaped nucleus with the three-phase contact line. 
Although there are numerous studies on lens-shaped nuclei on flat substrates when the long-ranged 
disjoining pressure exists,— >2^— investigations of the lens-shaped nuclei on spherical substrates 
are scarce and remain qualitative as the result is only numerical.— In additon, we have assumed that 
the liquid-vapor interface is sharp. There are also several studies-^^ that include diffuse interfaces. 
Our results in this paper can serve as a guide in the development of more realistic models of lens¬ 
shaped nuclei on curved surfaces to include the disjoining pressure and diffuse interface effect. 

Supporting Information Available 

Mathematical detail of the derivation of some formulas. This material is available free of charge 
via the Internet at http: //pubs. acs. org/, 
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